Introduction
Consider k permutations of the integers {1, · · · , n} denoted as {r 1 , · · · , r k } and the value v(n, k) = n i=1 k j=1 r j (i). The maximal value of v among all k-sets of permutations, denoted as v max (n, k), is n i=1 i k and is achieved when all the k permutations are the same. This is a consequence of the following result in [1] : Lemma 1. Consider a set of nonnegative numbers {a ij }, i = 1, · · · , m, j = 1, · · · , n. Let a ′ i1 , a ′ i2 , · · · , a ′ in be the numbers a i1 , a i2 , · · · , a in reordered such that a
Finding the minimal value of v(n, k) among all k-sets of permutations, denoted as v min (n, k), appears to be more complicated for k > 2 and n > 2. Clearly v(1, k) = 1 and v(n, 1) =
. Since v(n, k) is invariant under simultaneous reordering of the permutations, we can use this to define equivalence classes among k-sets of permutations.
1
There are only two permutations on the integers {1, 2}. In this case v max (2, k 
k is achieved with k/2 of the permutations of one kind and the other half the other kind. If k = 2m + 1 is odd, v min (2, k) = 3 · 2 m is achieved with m of the permutations of one kind and m + 1 of them the other kind.
3 The case k = 2 Lemma 2 (Rearrangement inequality).
for real numbers x i , y i such that x 1 ≤ · · · ≤ x n and y 1 ≤ · · · ≤ y n and all permutations σ.
A proof of this can be found in [2] . In this case v max (n, 2) =
. Consider the two permutations (1,2,· · · , n) and (n,n−1,· · · , 2, 1). The value of v(n, 2) is equal to
and is in fact equal to v min (n, 2) by Lemma 2.
The values of v min (n, k) for different k's are listed in OEIS sequences [3] A070735 (k = 3, https://oeis.org/A070735), A070736 (k = 4, https://oeis.org/A070736), A260356 (k = 5, https://oeis.org/A260356), A260357 (k = 6, https://oeis.org/A260357), A260358 (k = 7, https://oeis.org/A260358), and sequence A260359 (for the case k = 8, https://oeis.org/A260359).
Partial list of values of v min (n, k) (with some data taken from OEIS) are listed in Table 1 . The antidiagonals of Table 1 can be found in https://oeis.org/A260355 (OEIS sequence A260355). Table 2 is a partial table of the number of nonequivalent k-sets of permutations achieving v min (n, k) where equivalence is described in Section 1. We will denote these numbers as
On the other hand, N min (n, k) can be larger than 1 if n > 2 or k > 2. For example, the 2 sets of nonequivalent permutations that achieves v min (3, 6) = 108 are (123, 123, 231, 231, 312, 312) and (123, 132, 213, 231, 312, 321) . The 3 sets of nonequivalent permutations that achieves v min (5, 3) = 89 are (12345, 34251, 52314) , (12345, 35214, 52341) and (12345, 35241, 52314) .
Note that N max (n, k) corresponding to v max satisfies N max (n, k) = 1 for all n and k. Table 3 lists N min (3, k) for various values of k. 3  16  2  17  1  18  4  19  3  20  2  21  4  22  1  23  2  24  5  25  1  26  3  27  5  28  2  29  3  30  6  31  2  32  4  33  6  34  3  35  1   Table 3 : N min (3, k) for various values of k.
Since we can always pick the member in the equivalent class such that r 1 = {1, · · · , n}, we can fix r 1 . By Lemma 2, after r 1 , · · · r k−1 are chosen, the permutation r k that minimize v(n, k) among all choices of r k is the permutation of {1, · · · , n} that is in reverse order from the order of the sequence of numbers
j=1 r j (n) . This means we only need to test v(n, k) by choosing only r 2 , · · · , r k−1 , as r 1 is fixed and r k is determined by the choices for the other permutations. The number of combinations we need to check (for k > 2) is equal to the number of combinations of n! objects chosen k − 2 times with replacement, which is equal to
The following Python function computes v min (n, k) (for k ≥ 2):
from itertools import permutations, combinations_with_replacement def vmin(n,k): ntuple, count = tuple(range(1,n+1)), n**(k+1) for s in combinations_with_replacement(permutations(ntuple,n),k-2): t = list(ntuple) for d in s: for i in range(n):
6 Permutation sets achieving v min (n, k)
The next sections list for each n and k one k-set of permutations (there may be many) that achieves v min (n, k). Concatenating the permutations and considering them as a number in base n + 1, the listed k-set of permutations is the k-set with the smallest such number that achieves v min (n, k). We use the letters a, b, etc. to represent the numbers 10, 11, · · · . We omit the n ≤ 2 or k ≤ 2 cases as they were discussed above.
k = 3
• n = 3: (123, 231, 312) 6.12 k = 14
• n = 3: (123, 123, 123, 123, 123, 123, 213, 312, 321, 321, 321, 321, 321, 321) • n = 4: (1234, 1234, 1234, 1234, 1234, 1324, 4132, 4132, 4312, 4312, 4321, 4321, 4321, 4321) 6.13 k = 15
• n = 3: (123, 123, 123, 123, 123, 231, 231, 231, 231, 231, 312, 312, 312, 312, 312) • n = 4: (1234, 1234, 1234, 1234, 1234, 1234, 3214, 3421, 4213, 4213, 4231, 4231, 4231, 4321, 4321) 6.14 k = 16
• n = 3: (123, 123, 123, 123, 123, 132, 132, 231, 312, 312, 312, 312, 321, 321, 321, 321) • n = 4: (1234, 1234, 1234, 1234, 1243, 1243, 3124, 3124, 3421, 3421, 4213, 4213, 4321, 4321, 4321, 4321) 7 Version history
• August 12, 2015: initial version
